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THE SYMPLECTOMORPHISM GROUP OF A BLOW UP
DUSA MCDUFF
Abstract. We study the relation between the symplectomorphism group SympM of
a closed connected symplectic manifold M and the symplectomorphism and diffeomor-
phism groups SympfM and Diff fM of its one point blow up fM . There are three main
arguments. The first shows that for any oriented M the natural map from π1(M) to
π0(DifffM) is often injective. The second argument applies when M is simply connected
and detects nontrivial elements in the homotopy group π1(DifffM) that persist into the
space of self homotopy equivalences of fM . Since it uses purely homological arguments,
it applies to c-symplectic manifolds (M,a), that is, to manifolds of dimension 2n that
support a class a ∈ H2(M ;R) such that an 6= 0. The third argument uses the symplectic
structure on M and detects nontrivial elements in the (higher) homology of BSympfM
using characteristic classes defined by parametric Gromov–Witten invariants. Some re-
sults about many point blow ups are also obtained. For example we show that if M is
the 4-torus with k-fold blow up fMk (where k > 0) then π1(DifffMk) is not generated by
the groups π1
`
Symp(fMk, eω)´ as eω ranges over the set of all symplectic forms on fMk.
1. Main results
In this note we investigate the relation between the symplectomorphism group of a
closed connected symplectic manifold (M,ω) of dimension 2n ≥ 4 and of its one point
blow up (M˜, ω˜ǫ). (Here ǫ > 0 measures the size of the blow up.) When dimM = 4 and ǫ
is sufficiently small, it is known from work of Lalonde–Pinsonnault [14] and Ke¸dra [8] that
in several cases there is a homotopy equivalence between Symp M˜ := Symp(M˜ , ω˜ǫ) and
Symp(M,p) := Symp(M,p, ω), the group of symplectomorphisms of M that fix the point
p. Our aim here is to understand both the role played by the symplectic form and what
happens in higher dimensions. Throughout we investigate stable phenomena that persist
in the diffeomorphism group Diff and under various kinds of deformation; see Remark 1.11.
We will present three different arguments. The first studies a natural map f˜∗ : π1(M)→
π0(DiffM˜) defined for any oriented manifold M , and shows that f˜∗ is often injective. The
second works best for simply connectedM and detects nontrivial elements in the homotopy
group π1(DiffM˜) that persist into π1(M˜
fM ), where XX denotes the space of continuous
selfmaps ofX. Since it uses purely homological ideas, this argument applies to c-symplectic
manifolds (M,a), that is, to manifolds of dimension 2n that support a class a ∈ H2(M ;R)
such that an 6= 0. In §6 we add some symplectic ideas to investigate the difference between
π1(DiffM˜k) and π1(Symp M˜k) for a k-fold blow up of a 4-manifold. The third argument,
presented in §4, needs the symplectic structure on M and detects nontrivial elements in
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the (higher) homology of BSymp M˜ . It uses a characteristic class on BSymp M˜ defined
by a suitable parametric Gromov–Witten invariant.
Before explaining our results in more detail, we need some preparation. Recall that the
classifying space BSymp(M,p) is the total space of the universalM -bundle over BSympM
(1.1) M → BSymp(M,p) π→ BSympM.
(Later we sometimes denote this bundle by MSymp → BSympM .) The pullback of this
bundle over π : BSymp(M,p) → BSympM is the universal M -bundle with section. In
other words, a map φ : X → BSymp(M,p) determines and is determined up to homotopy
by a triple (Pφ, πφ, s), where πφ : Pφ → X is a symplectic M -bundle and s : X → Pφ is a
section. Blowing up along this section gives a map1
β : BSymp(M,p)→ BDiffM˜.
The composite map
(1.2) f˜ :M → BDiffM˜
represents the M˜ -bundle over M that is obtained from the trivial bundle M ×M → M
by blowing up along the diagonal.
More generally, let M be an oriented even dimensional smooth manifold, choose a
Hermitian metric on the tangent space TpM at p that is compatible with the orientation
(and with the symplectic form if one is given), and denote by DiffU (M,p) the subgroup
of Diff(M,p) consisting of diffeomorphisms whose derivative at p preserves the Hermitian
metric and so is unitary. Then, maps X → BDiffU (M,p) classify smooth M -bundles over
X provided with sections σ that have Hermitian normal bundles. Hence again one can
blow up along the section to get a map
βU : BDiffU (M,p)→ BDiffM˜.
Because a symplectic vector bundle has a complex structure that is unique up to homotopy,
for symplectic M there is a commutative diagram
BSympU (M,p)
≃→ BSymp(M,p)
ι ↓ β ↓
BDiffU (M,p)
βU→ BDiffM˜
in which the inclusion on the top line is a homotopy equivalence.
Suppose now that M is an oriented manifold of dimension 2n, and consider the com-
posite
f˜∗ : π1M → π1
(
BDiff(M,p)
) βU→ π1(BDiffM˜).
(The first map here is induced by (1.1), while the second is well defined because an oriented
R2n bundle over S1 has a unique homotopy class of complex structures.) Because there is
a fibration
DiffM
ev→M → BDiff(M,p), ev(φ) := φ(p),
the kernel of f˜∗ contains the evaluation subgroup ev∗
(
π1(DiffM)
)
.
1 We take the target space to be BDiff rather than BSymp since then we can use the pointwise blow
up of algebraic geometry. Because BSymp(M,p) is noncompact it is not clear that there is a symplectic
blow up of uniform size ǫ > 0 over the whole of BSymp(M,p).
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Theorem 1.1. For any closed oriented 2n-manifold M the kernel of
f˜∗ : π1M → π1(BDiff M˜)
acts trivially on πiM for 1 ≤ i < dimM . In particular, it is contained in the center of
π1M and vanishes if M itself is a blow up. It also vanishes if the Euler characteristic
χ(M) is nonzero.
Remark 1.2. We will see in §2 that the kernel of f˜∗ is contained in the image of the
evaluation map e˜v∗ : π1(M
fM )→ π1M given by e˜v(φ) = φ(p˜), where p˜ ∈ M˜ is fixed. (Here
M
fM denotes the space of maps M˜ →M , with base point at the blow down φ0 : M˜ →M .)
This evaluation map is very similar to the usual one ev∗ : π1(M
M )→ π1M considered by
Gottlieb [6], though it might in principle have a larger image. The properties mentioned
above are some of those that Gottlieb established for im ev∗.
We now consider π2. Denote by
(1.3) Ic : π2(BDiff
U (M,p))→ π2(BU(n)) ∼= Z.
the homomorphism induced by taking the derivative at p. In the case when [σ] ∈
π2(BDiff
U (M,p)) is in the image of BSymp(M,p) and so corresponds to a section sσ
of a symplectic bundle P → S2 with its canonical Hermitian structure, then Ic([σ]) is the
value on sσ of the first Chern class c
V
1 of the vertical tangent bundle.
If (M,a) is c-symplectic and simply connected, there is another useful homomorphism
Ia : π2(BDiff
U (M,p))→ R
that we now define. Consider the universal M -bundle
(1.4) M → B(Diff(M,p) ∩Diff0M) π→ BDiff0M,
where Diff0 denotes the identity component of Diff. Denote by C := CM the (open) cone
consisting of all classes a ∈ H2(M ;R) such that an 6= 0.
Lemma 1.3 ([10]). If H1(M ;R) = 0 the restriction map
H2
(
B
(
Diff(M,p) ∩Diff0M
)
;R
)
→ H2(M ;R)
is surjective. Moreover, each a ∈ C has a unique extension to a class â such that the
fiberwise integral π!(â) :=
∫
M â
n+1 ∈ H2(BDiff0M) vanishes.
Sketch of proof. Consider the Leray–Serre spectral sequence for the fibration (1.4). Since
E2,12 = 0 and C is open, the first statement will hold provided that the differential d := d30,2
vanishes on all a ∈ C. But 0 = d(an+1) = (n + 1)anda which implies that da = 0 since
multiplication by an induces an isomorphism E3,02 → E3,2n2 . If â′ is any extension of a, it
is easy to check that
â := â′ − 1
λ(n+ 1)
π∗
(
π!(â
′)n+1
)
,
satisfies the conditions if λ :=
∫
M a
n. (Here π! : H
2n+2 → H2 denotes the cohomology
push forward, i.e. integration over the fiber.) ✷
The pullback of â to the total space of anM -bundle P → Z is often called the coupling
class; we will also call it the normalized extension of a. On a product bundle, for
example, it is just the obvious pullback pr∗M (a) of a. Since each [σ] ∈ π2(BDiffU (M,p))
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has a unique lift to an element (also called [σ]) of π2(B(Diff
U (M,p) ∩ Diff0)), we may
define Ia by setting:
(1.5) Ia([σ]) :=
∫
S2
σ∗(â).
If we think of [σ] as an M -bundle P → S2 with section sσ, then Ia([σ]) is given by
evaluating the coupling class â on the section sσ.
We say that [σ] ∈ π2(BDiffU (M,p)) is homologically visible if it has nonzero image
under the homomorphism Ic ⊕ Ia for some a ∈ C.
Theorem 1.4. Let M be a simply connected c-symplectic manifold. Then every homo-
logically visible class [σ] ∈ π2(BDiffU (M,p)) has nonzero image under the composite map
π2(BDiff
U (M,p))→ π2
(
BDiffM˜
)→ π2(B(M˜ fM )).
Corollary 1.5. Let (M,a) be a c-symplectic manifold. Then there is a homomorphism
f˜∗ : Z ⊕ π2(M) → π2
(
BDiffM˜
)
whose kernel is contained in the kernel of the rational
Hurewicz homomorphism π2(M)→ H2(M ;Q).
Proof. First assume that π1(M) = 0. The boundary map π∗+1(BDiff0) → π∗(M) in the
fibration (1.4) desuspends to the map ev∗ : π∗(Diff0)→ π∗(M) induced by evaluation
ev : Diff0 →M, φ 7→ φ(p).
Since ev induces the trivial map on π2⊗Q, the kernel of the induced map f∗ : π2(M) →
π2(BDiff(M,p)) consists of torsion elements. This map f∗ can be described explicitly as
follows. Given σ : S2 →M the element f∗[σ] corresponds to the trivial bundle M ×S2 →
S2 with section grσ : z 7→ (σ(z), z). Since the normalized extension of the class a ∈ CM
to M × S2 is just pr∗M(a), we find that Ia(f∗[σ]) = a([σ]). Therefore, because C is open,
the elements in imf∗ that are not detected by some homomorphism Ia have the form
f∗[σ] where [σ] maps to zero in H2(M ;Q). Since π2(SO(2n)/U(n)) ∼= Z, each element in
π2(BDiff(M,p)) has Z different lifts to π2(BDiff
U (M,p)), distinguished by the values of
Ic. Now apply Theorem 1.4. The general case is proved in §3. 
Remark 1.6. When π1(M) = 0, the above argument shows that the elements persist in
π2
(
B(M˜
fM )
)
. However this may not hold in general.
When (M,ω) is symplectic, the map f˜ : M → BDiffM˜ defined in (1.2) factors through
BSymp(M˜, ω˜ǫ) for suitably small ǫ. One can construct this lift explicitly as follows.
Consider the product M ×M with symplectic form Ω := ω × ω. Then the diagonal is a
symplectic submanifold, and so one can blow up normal to it by some amount ǫ0 > 0 to
get a symplectic fibration
(1.6) (M˜ , ω˜ǫ0)→ (P˜ǫ0 , Ω˜ǫ0)→M.
By shrinking the size of the blow up, one gets a corresponding fibration (P˜ǫ, Ω˜ǫ)→M for
every ǫ ≤ ǫ0. Note that the initial fibration (P˜ǫ0 , Ω˜ǫ0) → M might depend on the choice
of blow up. However any two choices become equivalent for small enough ǫ > 0. Define
(1.7) f˜ǫ : M → BSymp(M˜, ω˜ǫ)
to be the classifying map of this fibration. Then for each σ : S2 →M the class (f˜ǫ)∗([σ])
is represented by the pullback of P˜ǫ →M over σ. (Ke¸dra gives another description of this
map in [8].)
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Theorem 1.4 implies that the subgroup f˜∗(Z⊕0) is disjoint from the image of (f˜ǫ)∗(π2(M))
in π2(BDiffM˜). It seems very likely that for any form ω˜ǫ there are no elements in
π2
(
BSymp(M˜, ω˜ǫ)
)
that map into f˜∗(Z⊕0). This is true whenM = CP 2 since in this case
π2
(
BSymp(M˜, ω˜ǫ)
)
is known to be Z. It is not clear how to prove this in general, though
§6 makes some progress in the 4-dimensional case: see Proposition 6.11 and Corollary 6.12.
The next result is based on detailed knowledge of the symplectic geometry of the one
point blow up CP 2#CP 2 =: X of CP 2. In particular, it uses the fact (proved in [11]) that
every symplectic form on X is diffeomorphic to some ω˜ǫ.
Proposition 1.7. Let X = CP 2#CP 2. Then π2(BDiffX) is not generated by the images
of π2(BSymp(X,ω)), as ω varies over the space of all symplectic forms on X.
Remark 1.8. (i) During the proof of this proposition we show that the obvious inclusion
S2 := CP 1 →֒ CP 2 gives rise not to the generator of π2(BSympX) (as one might initially
expect) but to three times this generator.
(ii) There are many blow up manifolds that do not admit circle actions. For example, in
dimension 4 Baldridge [2] has shown that if X has b+ > 1 and admits a circle action with
a fixed point then its Seiberg–Witten invariants must vanish. Since manifolds that admit
fixed point free circle actions must have zero Euler characteristic, this implies that no
simply connected Ka¨hler surface with b+ > 1 admits a circle action. On the other hand,
Corollary 1.5 implies that ifX is a blow up and π1X = 0 the groups π1(Symp) and π1(Diff)
do not vanish. Thus, as pointed out in Ke¸dra [9], there are plenty of examples of nonzero
elements of π1(Symp) or π1(Diff) that cannot be represented by a circle action.
2 One of
the motivations of the present work was to understand the limits of Ke¸dra’s argument.
Our final argument detects parts of the image of H∗(M) in the homology of BSymp M˜ .
If π1M = 0, the classifying map f˜ǫ : M → BSymp M˜ of the fibration (1.6) factors through
the simply connected space BSymp0M˜ = BHam M˜ , where Ham denotes the Hamiltonian
subgroup Ham ⊆ Symp0. We denote by C∗ the subring of H∗(M ;Q) generated3 by the
classes in H2(M), and define
C∗ := {γ ∈ H∗(M ;Q) : κ(γ) = 0 for all κ ∈ C∗}.
Theorem 1.9. Suppose that π1(M) = 0. Then, the kernel of
(f˜ǫ)∗ : H∗(M ;Q)→ H∗
(
BHam(M˜ , ω˜ǫ);Q
)
is contained in C∗.
When π1(M) 6= 0, Theorem 1.1 implies that the bundle (1.6) is usually not trivial over
its 1-skeleton. Thus its classifying map need not lift to to BHam (or even to BSymp0).
This is important because we detect the image of (f˜ǫ)∗ by using characteristic classes, and
typically these live on BHam rather than BSymp0 or BSymp; cf. §4. One way one might
try to deal with this is to note that because the fiberwise symplectic forms on (1.6) extend
2 By using the geometric decomposition of a Hamiltonian S1 manifold provided by the moment map,
it is easy to show when dimM = 4 that certain elements η in π1(Ham) cannot be represented by an S
1
action. For example, if (M,ω) = (S2 × S2, λpr∗1σ + pr
∗
2σ), where λ > 1, one can take η := η1 + η2, where
η1 ∈ π1
`
SO(3) × {id}
´
⊂ π1
`
SO(3) × SO(3)
´
rotates the first sphere and η2 is one of the circle actions
of infinite order. Since η1 has finite order, the rational Samelson product [η, η]Q vanishes. Buse in [5,
Prop 2.1] gives an example of an element η in π1(Ham(T
2 × S2)) for which [η, η]Q does not vanish.
3Since the cone C ⊂ H2(M) is open, this is the same as the subring generated by C.
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to the closed form Ω˜ǫ, one can lift the classifying map to the space BHam
s defined in [22].
One can then try to use characteristic classes coming from the coupling class on MHams .
The problem here is that when H1(M ;R) 6= 0 the normalization condition in Lemma 1.3
does not uniquely determine the extension â of a = [ω] to the total space of an M -bundle
P → Z unless H1(Z;R) = 0.
We shall adopt an easier approach, restricting consideration to classes [σ] ∈ Hd(M ;Q)
that are represented by smooth maps σ : Z →M where Z is a closed and simply connected
oriented d-manifold. (For short we will call these smooth simply connected cycles. If
dimM > 4 these generate the image of the homology of the universal cover of M ; see
Lemma 4.4.) The corresponding M˜ -bundles P˜ → Z are then classified by maps Z →
BSymp0 M˜ . These lift further to BHam M˜ because of the existence of the closed extension
Ω˜ǫ of the fiberwise symplectic forms. (This is another place where it is important that
π1(Z) = 0; see [12, Erratum].)
Even with these conditions the question of which classes can be detected in BHam M˜
is quite subtle; see Example 4.6. Recall that (M,ω) is said to have the hard Lefschetz
property if for all k ≤ n, the map ∪[ω]k : Hn−k(M ;R)→ Hn+k(M ;R) is an isomorphism.
Proposition 1.10. Let σ : Z → M be a smooth and simply connected cycle representing
a nonzero homology class [σ] ∈ Hd(M ;Q). Let f˜ǫ : Z → BHam(M˜ , ω˜ǫ) classify the bundle
P˜ǫ → Z obtained by blowing up M × Z → Z along grσ. Then (f˜ǫ)∗[σ] 6= 0 if one of the
following conditions holds.
(i) There is κ ∈ C∗ such that κ([σ]) 6= 0.
(ii) Z = S2k and (M,ω) has the hard Lefschetz property.
Remark 1.11. (i) When we work in the symplectic category, we cannot control the size
of the blow ups and so must assume that they are arbitrarily small. We can say something
about size only when we make several blow ups; for example, if we blow up twice, the
second blow up may have to be smaller than the first. (For more precise statements see
Propositions 5.3 and 6.4 and Corollary 6.7.)
(ii) Our methods detect very stable symplectic phenomena that persist even in the dif-
feomorphism group. This should be contrasted with the work of Seidel [27] who in
the 4-dimensional case detects nonzero elements in π0(Symp (X,ωX)) that disappear in
π0(DiffX). In his Example 1.13, (X,ωX) is the monotone blow up of CP
2 at 5 points
in which each point is blown up to exactly one third of the size of the line L in CP 2. If
one blows up each point slightly less (but still keeps all the blow ups the same size) then
at least some of these elements in π0(Symp(X,ωX)) become zero: for example, the class
L − E1 − E2 − E3 is represented by a Lagrangian sphere in the monotone case, but by
a symplectic sphere when the size is reduced. Therefore the square of the Dehn twist in
this sphere becomes trivial. If the sizes of the blow ups are all different, then the above
argument applies to a set of generators for π0(Symp
H(X,ωX )) so that this whole group
vanishes. (Here SympH denotes the subgroup acting trivially on H∗(X).)
It would be interesting to investigate the map
π0(Symp(X,ωX))→ π0(Symp(X × S2, ωX + ωS2))
induced by φ 7→ φ × id to see if it has nontrivial image. In contrast, the elements of
π∗(BDiffM˜) considered in this paper do remain nontrivial when M˜ is stabilized to a
product M˜ × Y .
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(iii) There is still rather little work that compares the homotopy of Symp and Diff, or that
discusses the dependence of πk(Symp) on the symplectic form for manifolds of dimension
> 4. Here are two notable exceptions. Ruan [25] gives examples of 6-manifolds such that
π0(Sympd) does not surject onto π0(Diff), where Sympd is the group of diffeomorphisms
that preserve that symplectic form up to deformation, while Seidel [26] studies the changes
in πk
(
Symp(CPn × CPm, ω)) as [ω] varies.
Acknowledgements. I thank Jarek Ke¸dra for useful comments on an earlier draft of this
paper, Daniel Gottlieb for help in understanding the evaluation subgroup and the referee
for pointing out various small inconsistencies.
2. The fundamental group
In this section we first discuss some homotopy theoretic approaches to the above ques-
tions, and then prove Theorem 1.1. Let M be a closed oriented manifold and consider the
diagram
πk(DiffM˜ ) −→ πk(E/U) −→ πk
(
BDiffU (M˜ ,Σ)
) −→ πk(BDiffM˜)
≃↑
πk(DiffM)
ev−→ πk(JM) −→ πk
(
BDiffU (M,p)
) −→ πk(BDiffM).
Here JM denotes the space of pairs (x, Jx), where x ∈ M and Jx : TxM → TxM is an
almost complex structure compatible with the orientation of M . Thus there is a Hurewicz
fibration SO(2n)/U(n)→ JM →M . Since DiffM acts transitively on JM the bottom row
in the above diagram is exact. The top row is also exact. Here we identify the exceptional
divisor Σ with CPn−1 and denote by E the space of all smooth embeddings of Σ into M˜
that extend to diffeomorphisms of M˜ . Thus an element of E factors (nonuniquely) as
CPn−1 ≡ Σ f→ Σ →֒ M˜ eg→ M˜.
If E/U is the quotient of E by the action of U(n) on the domain, Diff(M˜ ) acts transitively
on E/U with kernel DiffU (M˜,Σ) equal to the stabilizer of the inclusion map Σ →֒ M˜ . By
standard arguments the groups DiffU (M,p) and DiffU (M˜ ,Σ) are homotopy equivalent to
the subgroups where the diffeomorphisms are unitary in a neighborhood of p and Σ. Thus
these two groups are homotopy equivalent.
We are interested in understanding the zig-zag composite
πk(JM) −→ πk
(
BDiffU (M,p)
) ≃−→ πk(BDiffU (M˜,Σ)) −→ πk(BDiffM˜).
The first map is relatively understandable, since the previous discussion shows that its
kernel is closely related to the image of the evaluation map
ev : DiffM →M, g 7→ g(p).
Therefore, the problem is to understand the kernel of the last map, i.e. the image of
πk(E/U) → πk
(
BDiffU (M˜,Σ)
)
. In the 4-dimensional symplectic situation considered by
Ke¸dra, the space analogous to E/U consists of symplectically embedded 2-spheres and is
often contractible.4 However, this need not hold in the smooth case or in higher dimensions.
4 Suppose for example, that [ω] is integral and ǫ has the form 1/N for some integer N . Then the
exceptional divisor Σ is a curve of minimal energy in (fM, eωǫ) and so has a unique embedded J-holomorphic
representative for each ω-tame J . This implies that there is a homotopy equivalence from the contractible
space J (ω) of ω-tame J to E/U : see Lalonde–Pinsonnault [14, §2].
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We now restrict to the case k = 1. We will prove Theorem 1.1 by showing that the
kernel of π1M → π1(BDiffM˜) is the image of π1(B), where B ⊂ M fM is the space of
smooth blow down maps.
To this end, fix a blow down map φ0 : (M˜ ,Σ) → (M,p) and denote by B the set of
smooth maps conjugate to φ0. More precisely
B := {h ◦ φ0 ◦ g˜ ∈ Map∞(M˜,M) : h ∈ Homeo0M, g˜ ∈ Diff0M˜},
where HomeoM is the group of homeomorphisms5 of M and the subscript 0 denotes that
we consider the identity component. Thus φ : M˜ →M is an element of B iff
• there is q ∈M such that φ : M˜ \ {φ−1(q)} →M \ q is a diffeomorphism, and
• φ−1(q) ∈ E0, where E0 is the identity component of E := (DiffM˜)|Σ/(DiffΣ), i.e.
the space of smoothly embedded submanifolds isotopic to Σ.
(For then there is g˜ ∈ Diff0M˜ such that g˜(φ−1(q)) = Σ so that φ can be written as h◦φ0◦ g˜
for suitable h.)
Although the elements φ ∈ B do not have unique factorizations into pairs (h, g˜), each φ
induces a diffeomorphism M˜ \ g˜−1(Σ)→M \ {h(p)}. In particular, there are well defined
maps
evB : B →M, h ◦ φ0 ◦ g˜ 7→ h(p),
and
F : B → E0, h ◦ φ0 ◦ g˜ 7→ g˜−1(Σ).
Observe also that h ◦ φ0 ◦ g˜ = φ0 iff h = g˜−1 on M \ {p} ≡ M˜ \Σ.
Theorem 1.1 follows immediately from the next two results. As in Remark 1.2, e˜v∗ :
π1(M
fM )→ π1M denotes the evaluation map given by e˜v(φ) = φ(p˜), where p˜ ∈ M˜ is fixed.
Note that this does not restrict to evB on B since the base point p˜ need not lie in g˜−1(Σ0).
Nevertheless, the next result shows that the two maps have comparable effects on π1(B).
Proposition 2.1. (i) For all k ≥ 1 there is an exact sequence
πkB (evB)∗−→ πkM
ef∗−→ πk(BDiffM˜).
(ii) (evB)∗
(
π1(B)
) ⊆ e˜v∗(π1(M fM )).
The following lemma explains some of the elementary properties of the generalized
evaluation subgroup im e˜v∗. The present formulation of (i) is due to Ke¸dra. The results
here can be be considerably extended; see Gottlieb [7].
Lemma 2.2. (i) Each α ∈ e˜v∗(π1(M fM )) acts trivially on the elements in the image of
π∗(M˜) in π∗(M). In particular, α acts trivially on πiM for 1 ≤ i < 2n − 1, where
2n := dimM .
(ii) e˜v∗(π1(M
fM )) is trivial if M is a blow up.
(iii) e˜v∗(π1(B)) is trivial if χ(M) 6= 0.
We begin the proofs with the following lemma.
5 It is convenient to relax the smoothness conditions on h since then for any diffeomorphism eg : (fM,Σ)→
(fM,Σ) there is h satisfying h◦φ0 = φ0 ◦eg. However, because h◦φ0 ◦eg and eg are both smooth, h is smooth
except at the basepoint p.
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Lemma 2.3. Fix a point p˜ ∈ Σ. Any element α ∈ π1(E) can be represented by a path
gt : Σ→ M˜ such that gt(p˜) = p˜ for all t ∈ S1.
Proof. Lift α to a path gt : Σ → M˜, t ∈ I, in E . Extend it to a path g˜t, t ∈ I, in DiffM˜
such that g˜0 = id and consider the mapping torus P˜ → S1 of g˜1:
P˜ := M˜ × I/((x˜, 1)∼(g˜1(x˜), 0)).
Since g˜1 lies in the identity component of DiffM˜ , this is a smoothly trivial bundle and
hence its homology is the product H∗(M˜)⊗H∗(S1).
Let Σt := gt(Σ) and denote by Σ˜ ⊂ P˜ the union of the submanifolds Σt × {t}, t ∈ S1.
Then Yt := Σt ∩ Σ is nonempty for all t. Moreover, by jiggling the g˜t we may arrange
that Y˜ := ∪tYt × {t} ⊂ P˜ is a manifold of dimension 2n− 3 and that Y0 is connected and
contains p˜. We claim that there is a smooth map γ : S1 → Y˜ whose projection π ◦ γ onto
S1 has degree 1. To see this, note first that π∗(dt) is nonzero on Y˜ because it is Poincare´
dual (in Y˜ ) to [Y˜ ∩ π−1(t)] = [Σ] ∩ [Σ] 6= 0. Hence π∗(dt) does not vanish on some cycle
γ : S1 → Y˜ and we can arrange that its projection to S1 has degree 1 because Y0 is path
connected. Let β := π ◦ γ : S1 → S1. Then
γ(t) ∈ Yβ(t), t ∈ S1.
Replacing g˜t by the homotopic loop g˜β(t), we can assume that γ(t) ∈ Yt ⊂ Σ for all t ∈ S1.
But γ contracts in Σ to the point p˜. Therefore we can homotop the loop gt(Σ) in E so
that p˜ ∈ gt(Σ) for all t, and then choose gt to fix p˜. 
Proof of Proposition 2.1. Let P˜ → Sk be the blow up of M × Sk along sσ, where
σ : Sk →M . Suppose that π : P˜ → Sk is smoothly trivial. Then there is a smooth family
of diffeomorphisms g˜t : M˜ → M˜t := π−1(t) for t ∈ Sk such that g˜0 = id. Define φt ∈ B by
φt := prM ◦ φP ◦ g˜t, t ∈ Sk,
where φP : P˜ → M × Sk is the blow down map and prM is the projection to M . By
construction evB(φt) = σ(t) ∈M , for all t ∈ Sk. Therefore ker f˜∗ ⊂ im(evB)∗.
To prove the converse, suppose that [σ] = (evB)∗([φt]). Then
Φ : M˜ × Sk →M × Sk, (x, t) 7→ (φt(x), t),
is a smooth map that is a diffeomorphism over M × Sk \ sσ and is a blow down over each
point in the section sσ. Hence P ∼= M˜×Sk by the uniqueness of the blow up construction.
This proves (i).
Now suppose that k = 1. Let Σ′t ⊂ M˜t, t ∈ S1, be the copy of the exceptional divisor
that is blown down by φP and define Σt := f˜
−1
t (Σ
′
t). This is a loop in E . Choose a family
of decompositions φt := ht ◦ φ0 ◦ g˜t, t ∈ I, for the loop φt ∈ B, starting with h0 = g˜0 = id.
Then g˜−1t (Σ) = Σt. Lemma 2.3 implies that we may assume that g˜t(p˜) = p˜ for all t.
Therefore evB(φt) := ht(p) = g˜t(p˜) =: e˜v(φt). This proves (ii). ✷
Proof of Lemma 2.2. α ∈ π1M acts trivially on πi(M,p) if every based map f :
(Si, x0) → (M,p) extends to a map F : Si × S1 → M such that F |pt×S1 = α. But if
α = e˜v∗([φt]) we may define F : S
i × S1 →M by setting
F (x, t) = φt(f˜(x)),
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where f˜ : (Si, x0)→ (M˜ , p˜) lifts f , i.e. satisfies φ0 ◦ f˜ = f . This proves the first statement.
Next observe that when i < 2n every element in πiM lifts to M˜ . In fact, since M˜ is
diffeomorphic to the connected sum of M with CPn (oppositely oriented), M˜ has a cell
decomposition with one vertex at p˜, one 2n-cell e2n, and (2n − 1)-skeleton of the form
X ∨ Σ, where X is the (2n − 1)-skeleton of M . This proves (i).
(ii) holds because when M is the blow up X˜ of X every nonzero element of π1M acts
nontrivially on π2(M). This follows immediately from the fact thatM is the connected sum
of X with (CPn)opp, so that the universal cover ofM is the connected sum of the universal
cover of X with |π1(X)| copies of (CPn)opp on which the group of deck transformations
acts effectively.
To prove (iii), consider
Z := gr φ0 =
(
Σ× p) ∪ Z0 ⊂ M˜ ×M,
where Z0 = {(q˜, φ0(q˜)) : q˜ ∈ M˜ \ Σ}. Let h : M → M be a diffeomorphism C1 close to
the identity, with nondegenerate fixed points and such that h(p) 6= p. Then Z intersects
the graph of φ′0 := h ◦ φ0 transversally in χ(M) points. (Since Z is a stratified space
with top stratum of half the dimension of the ambient manifold and one other stratum of
codimension 2, it makes sense to talk of transversality here. Note that all the intersection
points must lie in Z0.) Thus [Z] · [Z] = χ(M) ∈ H0(M˜ ×M).
Now suppose that φt, t ∈ S1, is a loop in the space of smooth maps Map∞(M˜,M)
based at φ0. We may perturb it to a loop φ
′ := {φ′t}, based at φ′0 := h ◦ φ0 (where h is
as above) and such that its graph in M˜ ×M × S1 is transverse to Z × S1. We will show
that e˜v∗(φ) = e˜v∗(φ
′) vanishes by finding a loop p˜t ∈ M˜ of coincidence points, i.e. points
where
(2.1) pt := φ
′
t(p˜t) = φ0(p˜t), t ∈ S1.
(In fact, we will achieve this after a further deformation of φ′.) Then the loop t 7→ φ′t(p˜t)
is homotopic in (M,p0) to the sum of the loops t 7→ φ0(p˜t) and t 7→ φ′t(p˜0). Since equation
(2.1) implies that the first two loops are equal, the third loop t 7→ φ′t(p˜0) is contractible.
To find the coincidence points we use smooth intersection theory (which is why we
restrict to the space B of smooth maps.) It is convenient to take t ∈ [0, 1] =: I instead
of t ∈ S1. Note that for generic t ∈ I, the signed number of points in the intersection of
gr φ′t with Z× t is χ(M) 6= 0. Hence, the intersection of gr φ′ with Z0× I contains at least
one connected component that projects to (I, ∂I) by a map of degree 1. Reparametrize φ′
so that this projection is the identity. Then, because all intersection points lie in Z0×S1,
there is a path p˜t, t ∈ I, in M \ {p} such that φ′t(p˜t) = φ0(p˜t) for all t. We now extend the
path p˜t, t ∈ I, to a loop p˜t, t ∈ [0, 2], by choosing p˜t, t ∈ [1, 2] to be any path in M˜ from p˜1
to p˜0. Since φ
′
0 = φ
′
1 = h◦φ0, p˜0 and p˜1 are fixed by h. We may assume there is an isotopy
ht from h0 = id to h1 = h that also fixes p˜0, p˜1. Then extend φ
′ by the contractible loop
φ′t := hβ(t) ◦ φ0, t ∈ [1, 2], where β(1) = β(2) = 1 and β(t) = 0 for t ∈ [1 + ǫ, 2 − ǫ]. After
reparametrizing p˜t, t ∈ [1, 2], Eq. (2.1) is satisfied for t ∈ [0, 2]. ✷
Remark 2.4. It is not clear how to extend the arguments in this section to the case
k > 1. Even if one could prove some analog of Proposition 2.1 (ii) for k > 1, the map
e˜v∗ : πk(M
fM ) → πkM is not easy to work with. In particular, since M fM is not an H-
space, we cannot immediately claim that the image of this map is torsion when k is even
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(as is the case for the usual evaluation map MM → M .) All the basic questions can of
course be phrased in terms of the space E/U , but this seems no more accessible. In the
next section we develop some homological tools that work when M is c-symplectic and
k = 2. One of their advantages is that they adapt easily to the case of many blowups; see
§5.
3. The c-symplectic case
This section proves Theorem 1.4, Proposition 1.7 and Corollary 1.5. Unless explicit
mention is made to the contrary, in this section (M,a) is a connected and simply connected
closed c-symplectic manifold.
Denote by Q˜ → BDiffU (M,p) the pullback of the universal M˜ -bundle over BDiffM˜
by the blow up map BDiffU (M,p) → BDiffM˜. It is obtained by blowing up the univer-
sal M -bundle over BDiffU (M,p) along its canonical section. For each map σ : S2 →
BDiffU (M,p), define (λ, ℓ) :=
(
Ia([σ]), Ic([σ])
)
. Denote by
P˜λ,ℓ → S2
the pullback of Q˜ → BDiffU (M,p) by σ, and by Pλ,ℓ → S2 the corresponding M -bundle
with section sσ.
The following result clearly implies Theorem 1.4.
Proposition 3.1. Let (M,a) be a simply connected c-symplectic manifold. Then the
bundle P˜λ,ℓ is smoothly trivial only if (λ, ℓ) = (0, 0).
Proof. Consider the M -bundle P := Pλ,ℓ
π→ S2, and denote its coupling class by â ∈
H2(P ). This is the unique class that restricts to a on the fiber M and is such that the
fiberwise integral π!(a
n+1) :=
∫
M â
n+1 ∈ H2(S2) vanishes. Choose an area form β on S2
so that the product class â + π∗([β]) evaluates positively over the section sσ ⊂ P . Then
the normalization condition on â implies that
vol
(
P, â+ π∗([β])
)
= vol(M,a)
∫
S2
β =: V µ0,
where µ0 :=
∫
S2 β and V := vol(M,a) =
1
n!
∫
M a
n. Further
(3.1)
∫
sσ
â+ π∗β = µ0 + Ia([σ]) = µ0 + λ.
Now choose a representative Ω of the class â+π∗([β]) that restricts in some neighborhood
U of sσ to a symplectic form that induces the given almost structure on its normal bundle.
6
Next choose ǫ0 so that a neighborhood of sσ of capacity ǫ0 (and hence radius r0 :=
√
ǫ0/π)
embeds symplectically in U . Then, for any ǫ < ǫ0 we can perform the ǫ-blow up along
sσ symplectically in U ; more details are below. Denote the resulting bundle by (P˜λ,ℓ, Ω˜ǫ).
We show below that
(3.2) vol(P˜λ,ℓ, Ω˜ǫ) = µ0V − vǫ
(
µ0 + λ− ℓ
n+ 1
ǫ
)
,
where vǫ :=
ǫn
n! is the volume of a ball of capacity ǫ.
6It is not necessary to use symplectic geometry at all in this proof. We do so because it is well understood
how symplectic forms behave under blow up.
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Note that the underlying smooth bundle P˜ → S2 does not depend on the choice of ǫ.
Therefore, if P˜λ,ℓ → S2 were a smoothly trivial fibration, then, for all ǫ, the volume of P˜λ,ℓ
would be the product of V − vǫ := vol(M˜ , ω˜ǫ) with the “size” µ of the base. Since µ could
be measured by integrating Ω˜ǫ over a section of P˜ which is the same for all ǫ, µ = µ1+ kǫ
would be a linear function of ǫ. Therefore, the two polynomial functions vol(P˜λ,ℓ, Ω˜ǫ) and
(V −vǫ)(µ1+kǫ) would have to be equal. This is possible only if λ = 0 and also k = ℓ = 0.
The result follows.
It remains to derive the formula for vol(P˜λ,ℓ, Ω˜ǫ). First assume that ℓ = 0. Then the
section sσ has trivial (complex) normal bundle in M × S2. Hence it has a neighborhood
Uǫ ⊂ U that is symplectomorphic to a product B2n(ǫ)× sσ. Thus, by equation (3.1), the
volume of Uǫ with respect to the form Ω is vol(Uǫ) = vǫ(µ0 + λ). We may obtain the
blow up by cutting out Uǫ from (P,Ω) and identifying the boundary via the Hopf map;
see Lerman [16]. Then
vol(P˜λ,0, Ω˜ǫ) = µ0V − vǫ(µ0 + λ),
as claimed.
Now consider the case when ℓ 6= 0. Then the normal bundle to sσ in M × S2 is
isomorphic to the product Cn−1⊕Lℓ, where Lℓ → S2 is the holomorphic line bundle with
c1 = ℓ. Therefore, we can choose Ω so that it restricts in some neighborhood of sσ to
the product of a ball in Cn−1 with a δ-neighborhood Nδ(Lℓ) of the zero section of Lℓ.
Identifying Nδ(Lℓ) with part of a 4-dimensional symplectic toric manifold, we can see that
its volume is hδ− ℓδ2/2, where h = area of zero section and δ = πr2 is the capacity of the
disc normal to sσ. Therefore, since h = µ0 + λ here,
vol(Uǫ) =
∫ √ ǫ
π
0
vol(S2n−3(r)) · vol(Nǫ−πr2(Lℓ)) dr
= (µ0 + λ)ǫ
n/n!− ℓǫn+1/(n+ 1)!
= vǫ
(
µ0 + λ− ℓǫ/(n + 1)
)
.
Everything in the previous calculation remains valid except that we have to add vǫℓǫ/(n+1)
to the volume of P˜λ,ℓ. This completes the proof. 
Proof of Corollary 1.5. The above proof of Theorem 1.4 uses the fact that π1(M) = 0
to assert the existence of a coupling class â on the initial M -bundle P → S2, from which
we construct the form Ω˜ǫ on the blow up P˜λ,ℓ → S2. In the situation of this corollary we
are starting with a trivial bundleM ×S2 → S2 which always has a coupling class, namely
pr∗M(a). Hence the required form Ω˜ǫ exists on the blow up P˜λ,ℓ → S2. The previous
argument now applies to show that this bundle is nontrivial whenever (λ, ℓ) is nonzero.
The corollary now follows as in the case when π1(M) = 0. ✷
Proof of Proposition 1.7. Let X := CP 2#CP 2, the one point blow up of CP 2. Let
a ∈ H2(CP 2) be the class of the Ka¨hler form τ0 on CP 2 normalized to integrate to 1 over
the line. By [11], any symplectic form τ on X is diffeomorphic to a form obtained by blow
up from τ0.
Suppose first that τ = τǫ is the ǫ-blow up of τ0. By Abreu–McDuff [1], π1(Symp(X, τ)) =
Z is generated by the circle action that rotates the fibers of the ruling X := P(L1⊕C)→
CP 1 once. If X → P → S2 is the fibration corresponding to this generator, then one
can blow down the exceptional divisors in the fiber to obtain a CP 2-bundle over S2 with
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section s. Note that Ic(s) = ±1, and we can choose the sign of the generator so that
Ic(s) = 1.
The blown down bundle is nontrivial, but has order 3 since π1(Symp(CP
2)) = π1(PU(3)) =
Z/3Z; see [23, Ch 9]. Thus three times the generator of π1(Symp(X, τ)) = π2(BSymp(X, τ))
is the bundle given by blowing up the product CP 2 × S2 along the graph of the map
σ : S2 → CP 2 with image equal to the positively oriented line. Thus it corresponds to the
bundle P˜λ,ℓ where (λ, ℓ) = (1, 3). Therefore, the image of π2(BSymp(X, τ)) in π2(BDiffX)
corresponds to the set of fibrations P˜ℓ/3,ℓ, ℓ ∈ Z.
Now consider the form τ ′ := φ∗(τǫ), where φ : X → X is complex conjugation. Then
(X, τ ′) is obtained by blowing up the complex conjugate (CP 2, , τ 0) of the standard CP
2.
But the first Chern class of the line in (CP 2, , τ0) is still three times the value of the
normalized Ka¨hler form on the line. Hence the image of π2(BSymp(X, τ)) in π2(BDiffX)
again corresponds7 to the bundles P˜ℓ/3,ℓ, ℓ ∈ Z.
When appropriately scaled, every symplectic form on X is diffeomorphic either to τ
or τ ′ by a diffeomorphism that acts trivially on cohomology and hence fixes both the
symplectic class and the first Chern class. Since the volume computation is a calculation
in the cohomology of X, it is also unchanged by such a diffeomorphism. It follows that if
τ ′′ is an arbitrary symplectic form on X, normalized so that its integral over the line has
absolute value 1, the image of π2(BSymp(X, τ
′′)) in π2(BDiffX) corresponds to a set of
bundles over S2 with volume forms equal to those of P˜ℓ/3,ℓ, ℓ ∈ Z.
Let A be the subgroup of π2(DiffX) generated by the images of π2(BSymp(X, τ ′′)) as
τ ′′ varies over all symplectic forms on X. Addition in π2(BDiffX) corresponds to taking
the fiber sum of the corresponding bundles. Hence, because the volume of (P˜ℓ/3,ℓ, Ω˜ǫ)
depends linearly on ℓ, any bundle P˜ → S2 given by α ∈ A has volume equal to that of
some bundle (P˜ℓ/3,ℓ, Ω˜ǫ). Hence the bundles P˜0,ℓ, ℓ ∈ Z, do not correspond to elements of
A. This completes the proof. ✷
Remark 3.2. (i) It would be interesting to find a way to establish the nontriviality of the
elements in πk(DiffM˜) for k > 2 constructed by blowing up the productM×Sk along pt×
Sk with respect to a complex structure given by a nonzero element in πk(SO(2n)/U(n)).
For example if n ≥ 4 one might use a nonzero element from π6(SO(2n)/U(n)).
(ii) One might also attempt to use a similar construction with the manifold X = S2×S2,
considering this as the blow up of the orbifold Y given by collapsing the antidiagonal in
S2 × S2 to a point y∗. Since a neighborhood of y∗ is diffeomorphic to R4/(±1), we may
construct a bundle X → P → S2 from Y × S2 by blowing up along the constant section
y∗ × S2 with respect to a nontrivial family of almost complex structures Jz, z ∈ S2, on
Ty∗Y . For example, we could identify S
2 with the unit sphere in R3 ≡ (Re1)⊥ ⊂ R4 (where
e1 = (1, 0, 0, 0)) and define Jz by setting it equal to the unique element of SO(4)/U(2)
such that Jz(e1) = z. The resulting loop in Diff(S
2 × S2) is certainly not homotopic to a
symplectic loop. However, it seems to represent the sum [Λ]− [σΛσ], where σ : (z, w) 7→
(w, z) is the obvious involution of X and Λ is the symplectic loop that rotates X once
about its diagonal and antidiagonal, i.e. if we identify X with the Hirzebruch surface
7 Observe that the parameter λ in the bundle ePλ,ℓ is determined by the fixed choice of c-symplectic
class a on X. Hence if σ : S2 → (CP 2, τ 0) is an τ 0-symplectic embedding onto the line then
R
σ∗(ba) = −1
and the corresponding X-bundle is eP−1,−3.
14 DUSA MCDUFF
P(L2 ⊕ C), where L2 → S2 is the holomorphic line bundle with Chern number 2, then
Λt[z1 : z2] = [e
2πitz1 : z2]. Therefore it is in the subgroup A ⊂ π2(Diff X) considered
above.
4. The symplectic case
This section proves Theorem 1.9. We begin with a discussion of characteristic classes
defined by parametric Gromov–Witten invariants. This approach was first suggested by
Le–Ono [15] and was then used by Buse [4].
In the easiest case, we have a class A ∈ H2(M ;Z) such that the formal dimension of
the space Mg,0(J,A) of unparametrized J-holomorphic A-curves of genus g is −k < 0.
Let 〈A〉 denote the orbit of this class under the action of π0(SympM). Then there is
a corresponding class c(〈A〉, g) ∈ Hk(BSympM ;Q) defined as follows. Because rational
bordism equals rational homology, it suffices to evaluate c(〈A〉, g) on cycles of the form σ :
Z → BSympM where Z is a k-dimensional closed oriented smooth manifold. (For short,
we call such cycles smooth.) The pullback of the universalM -bundleMSymp → BSympM
is a smooth bundle πσ : Pσ → Z. Then〈
c(〈A〉, g), σ∗[Z]
〉
:= PGWPσ,Zg,0 ,
the “number” of unparametrized holomorphic 〈A〉-curves of genus g in the fibers of Pσ . If
SympH denotes the subgroup of Symp that acts trivially on H2(M ;Q) there is a similar
class c(A, g) ∈ Hk(BSympH M) that only counts curves in class A.8
Invariants of the above type were used in [15, 4]. More generally, one might want to
count curves that satisfy certain constraints that are pulled back from the cohomology
of the universal M -bundle MSymp → BSymp. In the problem at hand we cannot use
arbitrary cohomology classes on MSymp since we need there to be a relation between the
characteristic classes for M and those for M˜ . We therefore consider two different kinds of
constraints.
First, we use constraints given by classes in H∗(M) that have canonical extensions to
H∗(MSymp). The most obvious classes with this property are the Chern classes of the
tangent bundle of M , which extend to the Chern classes of the tangent bundle of the
fibers of MSymp → BSymp. However, these do not behave well under blowup and so are
not very useful here.
Another possibility is to use the classes of C∗, the subring of H∗(M) generated by C.
If H1(M ;R) = 0 these classes extend to the universal bundle MSymp0 → BSymp0M by
Lemma 1.3. For general M , they extend to the universal Hamiltonian bundle MHam →
BHamM by [13, 12]. The proof of Lemma 1.3 shows that in both cases one can pick a
unique normalized extension to MHam. For each κ ∈ C∗, choose a representing polynomial
qκ := qκ(a1, . . . , am) in the elements ai ∈ C. Then κ extends to q̂κ := qκ(â1, . . . , âℓ). (This
extension depends on the choice of polynomial qκ.) We then get classes of the form
(4.1) c(A, g; q̂κ1 , . . . , q̂κℓ) ∈ Hk+d−2ℓ(BHamM ;Q), d :=
∑
i
deg κi,
8 If Z is symplectic and π1(M) = π1(Z) = 0 then Lemma 1.3 shows that the fiberwise symplectic forms
ωz extend to a symplectic form Ω on Pσ. In this case, H2(M ;Q) injects into H2(Pσ;Q) and when g = 0
the parametric GW invariants are just the usual GW invariants for classes A ∈ H2(M ;Q) ⊂ H2(Pσ;Q);
cf. [23, Rem.6.7.8].
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where −k = 2n + 2c1(A) − 6 ≥ 0. The value of such a class on σ∗[Z] is (intuitively) the
number of ℓ-pointed genus g A-curves in the fibers of Pσ → Z meeting cycles representing
the Poincare´ duals (with respect to Pσ) of the classes q̂κ1 , . . . , q̂κℓ .
Second, we consider the case when (M, [ω]) has the c-splitting property, i.e. the rational
cohomology of the total spaceMHam of the universalM -bundle over BHamM is additively
isomorphic to H∗(M) ⊗H∗(BHamM); cf. [12]. For example, by Blanchard [3] the hard
Lefschetz property mentioned in Theorem 1.9 implies the c-splitting property. In this case,
all elements of H∗(M ;R) extend to MHam. Therefore there are classes
(4.2) c(A, g; b̂1, . . . , b̂ℓ) ∈ Hk+d−2ℓ(BHamM ;Q), d :=
∑
i
deg b̂i,
that depend on the chosen extensions b̂i of the classes bi ∈ H∗(M ;R).
The proof that these classes are well defined when g = 0 and (M,ω) satisfies a suitable
semi-positivity hypothesis is given in Buse [4] and may also be extracted from [23]. The
general case is established by the usual methods of the virtual moduli cycle; cf. Li–Tian [18]
for example.
We now return to the specific case at hand. In our examples, g = 0 and so we will often
omit it from the notation. Let us first suppose that [σ] is detected by some element κ ∈ C∗.
Let −e ∈ H2(M˜ ) be Poincare´ dual to the exceptional divisor, so that PD(en−1) = E, the
class of a line in the exceptional divisor. Denote by κ˜ := φ∗M (κ) the pullback of κ ∈ C∗M
to C∗
fM
. Then the characteristic class of the form (4.1)
c(E; ên−1, ên−1 q̂eκ) ∈ H2k(BSymp0M˜)
is well defined. As we see below, when the bundle P˜ → Z is constructed as a blow up,
the value of c(E; ên−1, ên−1 q̂eκ) on σ∗[Z] is given by integrating q̂eκ over a suitable section
of the bundle Σ˜→ Z of exceptional divisors.
The basic reason why the next proposition holds is that the extensions q̂κ are well
behaved under blow up. More precisely, suppose that the M˜ -bundle P˜ → Z is the blow
up of the trivial bundle P =M×Z → Z along grσ, and let φP : P˜ → P be the blow down.
Then, if H1(M ;Q) = 0, it is easy to see that φP pulls the coupling class â ∈ H2(P ) of
a ∈ CM back to the coupling class of φ∗M (a) in P˜ → Z. (One just needs to check this when
dimZ = 2 and then the normalization condition for the coupling class ĉ is that ĉn+1 = 0.)
Hence
(4.3) φ∗P (q̂κ|P ) = q̂eκ| eP where κ˜ := φ∗M (κ).
Proposition 4.1. Assume that H1(M ;R) = 0. Let σ : Z → M be a smooth cycle
representing the homology class [σ] ∈ H2k(M), and denote by f˜ǫ : Z → BSymp0(M˜, ω˜ǫ)
the cycle given by the ǫ-blow up of M × Z → Z along grσ. Then, for every polynomial
representative qκ of κ ∈ C∗,〈
c(E; ên−1, ên−1 q̂eκ), (f˜ǫ)∗[Z]
〉
= κ([σ]).
The proof uses the following lemma.
Lemma 4.2. Let E ∈ H2(M˜ ;Z) be the class of a line in the exceptional divisor. Then
GW
fM,E
0,2 (e
n−1, en−1) = 1.
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Proof. Choose J0 on M˜ that equals the standard integrable structure near the excep-
tional divisor Σ. Let ℓ1, ℓ2 be two disjoint embedded 2-spheres in M˜ representing E that
meet Σ once transversally (with sign −1). Consider the moduli space M0,2(E, J0) of J0-
holomorphicE-spheres with 2-marked points in M˜ (quotiented out by C, the reparametriza-
tions that fix 0,∞ ∈ S2.) Since the exceptional divisor Σ is J0-holomorphic and E ·Σ = −1,
the only J0-holomorphic E-curves in M˜ are the obvious curves in Σ. Thus M0,2(E, J0)
is compact, except that the two marked points can come together. Hence it can be com-
pleted to a manifold by adding in the relevant stable maps, that have a ghost bubble with
the two marked points on it. We call the compactified space M0,2(E, J0).
All the elements in M0,2(E, J0) are regular by construction. So M0,2(E, J0) is a mani-
fold of dimension 2n + 2c1(E)− 2 = 4n− 4. Consider the evaluation map
ev :M0,2(E, J0)→ M˜ × M˜.
It meets ℓ1 × ℓ2 exactly once and transversally. This proves the lemma. 
Proof of Proposition 4.1. Consider the bundle πZ : (P˜ , Ω˜ǫ) → Z given by the ǫ-
blow up of M × Z → Z along grσ. Choose a family J of fiberwise Ω˜ǫ-tame almost
complex structures Jz , z ∈ Z, on P˜ , that are standard near each exceptional divisor Σz.
Denote by Σ˜ the union of the exceptional divisors. Then the moduli space M0,0(E, J) of
unparametrized J-holomorphic E-spheres is a compact manifold of dimension 4n− 4+2k
consisting of regular curves. The evaluation map ev :M0,2(E, J)→ P˜×P˜ is a pseudocycle
of dimension 4n+ 2k.9 Further
〈
c(E; ên−1, ên−1 q̂eκ), (f˜ǫ)∗[Z]
〉
is the intersection number
of ev :M0,2(E, J)→ P˜ × P˜ with the product X1× (X2∩X3), where X1,X2 represent the
Poincare´ dual of ên−1 and X3 represents that of q̂eκ.
To calculate this, choose a smoothly embedded10 submanifold X ⊂ P˜ that represents
the Poincare´ dual of ên−1, choose two copies X1,X2 of X that intersect Σ˜ in transversally
intersecting 2k-dimensional submanifolds Y1, Y2, and consider the submanifold Mcut :=
ev−1(X1 ×X2) of M0,2(E, J). Evaluation at the second marked point ev2 :Mcut → P˜ is
a 2k-dimensional pseudocycle (with image in Σ˜ ∩X2) and, by definition,〈
c(E; ên−1, ên−1 q̂eκ), (f˜ǫ)∗[Z]
〉
=
〈
ev∗2(q̂eκ), Mcut
〉
=
〈
ev∗2φ
∗
P (q̂κ), Mcut
〉
,
where the second equality holds by (4.3).
We now claim that φP ◦ ev2 : Mcut → P = M × Z represents [grσ ]. To see this,
consider the codimension 2 submanifold Z1 := πZ(Y1∩Y2) ⊂ Z. Because there is a unique
J-holomorphic E-curve through each pair of distinct points in Σz,
Mcut ∩ ev−1(π−1Z (Z \ Z1)) ∼= Y1 ×Z\Z1 Y2.
But by construction the map φP : Yi → grσ has degree 1. Hence φP ◦ ev2 : Mcut → grσ
also has degree 1.
Therefore, 〈
ev∗2φ
∗
P (q̂κ), Mcut
〉
=
〈
q̂κ, [grσ ]
〉
=
〈
κ, [σ]
〉
,
9Note that we do not compactify here, i.e. the 2 marked points are assumed distinct, but we do divide
out by the reparametrization group. Pseudocycles are discussed in [23, 29].
10 The Poincare´ dual of be can be represented by an embedded submanifold Q: take the inverse image
of a hyperplane by a map P → CPN representing be. Hence we can take X to be an iterated intersection.
Since [X] ∩ [fM ] = E, roughly speaking X intersects a generic fiber of eP → Z in a line.
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where the second equality holds because, for the trivial bundle P =M ×Z → Z, we have
q̂κ = pr
∗
M (κ). ✷
Corollary 4.3. Theorem 1.9 holds.
Proof. This is an immediate consequence of Proposition 4.1. 
We next turn to the proof of Proposition 1.10, which concerns classes [σ] that can be
represented by smooth, simply connected cycles, i.e. smooth maps σ : Z →M where the
manifold Z is simply connected. The next lemma is no doubt well known. We include a
proof for completeness.
Lemma 4.4. If dimM > 4 then the classes represented by smooth, simply connected
cycles generate the image in H∗(M ;Q) of the homology of the universal cover of M .
Proof. It is obvious that these classes lie in this image since any such map σ factors
through the universal cover. To prove the converse, it suffices to prove that if π1(M) = 0
and Z ⊂ M is a smooth oriented embedded11 d-manifold with d ≥ 3 then one can do
surgery on Z to make it simply connected also. Since dimM > 4 every embedded loop
γ in Z is the boundary of an embedded 2-disc D in M that we can chose to be nowhere
tangent to Z along ∂D = γ. The normal bundle νD of D in M splits along the boundary
as a sum ǫd−1⊕ ǫ2n−d−1 where ǫd−1 is the trivial normal bundle to γ in Z. If this splitting
extends over D so that νD is a sum of oriented bundles ξ
d−1 ⊕ ξ2n−d−1 then we can kill
γ in π1(Z) by doing (possibly twisted) surgery to Z, removing a neighborhood of γ and
adding the boundary of a neighborhood of D in ξd−1. Therefore we need to check that
the element α of π2(BSO(2n − 2)) represented by the normal bundle to D with its given
boundary trivialization lifts to an element of π2(BSO(d − 1) × BSO(2n − d − 1)). The
obstruction is the image of α ∈ π1(Gr), where Gr := SO(2n−2)/SO(d−1)×SO(2n−d−1)
is the Grassmannian of oriented (d− 1)-planes in R2n−2. Since π1(Gr) = 0, the extension
is unobstructed. 
We now restate Proposition 1.10 for the convenience of the reader.
Proposition 4.5. Let σ : Z →M be a smooth and simply connected nontrivial cycle, and
let f˜ǫ : Z → BHam(M˜ , ω˜ǫ) be the corresponding classifying map. Then (f˜ǫ)∗[σ] 6= 0 if one
of the following conditions hold.
(i) There is κ ∈ C∗ such that κ([σ]) 6= 0.
(ii) Z = S2k and (M,ω) has the hard Lefschetz property.
Proof. Case (i) has the same proof as Proposition 4.1. The crucial point is that an analog
of Lemma 1.3 holds in this setting. We know that all classes a ∈ C extend to MHam by
Lalonde–McDuff–Polterovich [13, 12]. Moreover, because π1(Z) = 0 any two extensions
differ by a class pulled back from the base. Hence the normalization condition is enough
to provide a unique extension that satisfies the compatibility condition (4.3).
In case (ii) all classes in H∗(M ;Q) extend to MHam by Blanchard [3]. The same holds
for M˜ since this also has the hard Lefschetz property. The difficulty is to ensure that the
11We can assume that Z is embedded by Thom’s well known result that rational homology is generated
by embedded smooth cycles.
18 DUSA MCDUFF
extensions satisfy the analog of (4.3). We do this by imitating the normalization procedure
in Lemma 1.3. Given b ∈ Hd(M) we claim there is b̂ ∈MHam such that
(4.4) π!(̂b â
n) :=
∫
M
b̂ ân = 0 ∈ Hd(BHam),
where â is the coupling class (i.e. normalized extension of the symplectic class [ω]), and∫
M denotes integration over the fiber. (The proof is as in Lemma 1.3; given any extension
b̂ ′ simply subtract from it the pullback of a suitable multiple of π!(̂b
′ ân).) This normalized
extension b̂ may not be unique. However, its pullback to any bundle P → Z over a sphere
Z = Sd is unique. Moreover because the normalization condition on P is simply that
b̂ ân = 0 ∈ H2n+d(P ) the analog of (4.3) is also satisfied. Thus, if Z = Sd and b ∈ H∗(M),
φ∗P (pr
∗
M (b)) = b̂| eP ,
where b̂| eP denotes the restriction to P˜ of any extension of φ∗M (b) to M˜Ham that satisfies
(4.4).
Now argue as in Proposition 4.1 using the characteristic class c(E; ên−1, ên−1 b̂) instead
of c(E; ên−1, ên−1 q̂eκ), where b is chosen so that b([σ]) 6= 0 and b̂ is any extension of φ∗M (b)
that satisfies (4.4). This proves (ii). 
Example 4.6. Consider M = T2n with a standard form. Because ev : π1(SympM) →
π1(M) is surjective in this case, the bundle M˜ → P˜ →M of equation (1.6) is symplectically
trivial over the 1-skeleton of the base M . Therefore, because π1(M) has no torsion, this
bundle is classified by a map into BHam M˜ ; see [12, Erratum]. Because T2n has the
hard Lefschetz property, one might then expect Hd(M) to inject into H∗(BHam M˜) for
all 1 < d ≤ 2n. But this map is trivial because there is an automorphism of the product
bundleM×M →M that takes the diagonal to the constant section; in fact the evaluation
map ev : Symp0(T
2n) → T2n is surjective on homology. This example explains why one
needs some conditions in part (ii) of Proposition 4.5, though one might well be able to
weaken the ones given.
Remark 4.7. Part (ii) of Proposition 4.5 holds whenever (M˜, ω˜ǫ) has the c-splitting
property for all ǫ < ǫ0, i.e. whenever the cohomology Leray–Serre spectral sequence
of the universal M˜ bundle M˜Ham → BHam(M˜, ω˜ǫ) degenerates at the E2 term. We
claim that in this case (M,ω) also has the c-splitting property. However, it is not clear
whether the c-splitting property for (M,ω) implies that for (M˜ , ω˜ǫ) since there may be
symplectomorphisms of M˜ that have little to do with those of M .
To prove the claim, note that if (M˜ , ω˜ǫ) has the c-splitting property then, because
compact subsets of BHam(M,p) map compatibly to BHam(M˜, ω˜ǫ), the universal M -
bundle with section MHam(M,p) → BHam(M,p) also has degenerate spectral sequence. To
see that the spectral sequence of MHam → BHam(M,ω) also degenerates, it suffices to
check that the map π : MHam → BHam(M,ω) on base spaces induces an injection on
cohomology, since then the spectral sequences inject; cf. [12, Lemma 4.1]. But this holds
because there is a class ĉ ∈ H2n(MHam) (namely ĉ := ân where â is the canonical extension
of a := [ω]) that restricts to a generator of H2n(M ;R). Since in this case the map
H∗(BHam;R)→ H∗(BHam;R), b 7→ π!(ĉ ∪ π∗(b))
is multiplication by a nonzero constant, π∗ is injective.
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5. Blowing up at many points
Now suppose that we blow up more than once. The first result concerns simultaneous
blow ups.
Proposition 5.1. Let (M,a) be a c-symplectic manifold and denote by M˜k its k-fold blow
up. Then:
(i) There is a homomorphism f˜k∗ :
(
Z⊕π2M
)k → π2(BDiffM˜k) whose kernel is contained
in the torsion subgroup of
(
π2M
)k
.
(ii) If (M,ω) is symplectic then there is ǫ0 > 0 such that the elements in f˜
k
∗
(
(π2M)
k
)
can
all be realised in BSymp(M˜k, ωǫ) whenever the blow up parameter ǫ = (ǫ1, . . . , ǫk) satisfies
ǫi ≤ ǫ0 for all i.
Proof. Fix a metric on M . Given a (small) constant ν > 0, define ∆ν ⊂Mk by setting
∆ν := {(x1, . . . , xk) ∈Mk : d(xj , xi) ≤ ν, i 6= j}.
Then the product bundle M × (Mk \∆ν) → (Mk \∆ν) has k symplectic sections of the
form (x1, . . . , xk) 7→ (xj , x1, . . . , xk) that are mutually separated by a distance of at least ν.
Hence, for sufficiently small ǫ0 = ǫ0(ν) > 0, it is possible to blow up M × (Mk \∆ν) along
these sections simultaneously with any weights ǫi ≤ ǫ0. This defines a model fibration
(M˜k, ωǫ)→ (P˜k,Ωǫ)→Mk \∆ν that plays the role of the fibration (1.6).
To prove (ii) fix k distinct points yj in M and choose smooth maps σ
j
α : S2 → M , for
1 ≤ α ≤ r, that represent a basis for H2(M)/torsion and are such that for all α, j the
image of σjα does not contain the points yi, i 6= j. Now set
ν :=
1
2
inf{d(σjα(z), yi) : i 6= j, z ∈ S2, 1 ≤ α ≤ r}.
For each j, α as above, consider the map
σ̂jα : S
2 →Mk \∆ν , z 7→ (y1, . . . , yj−1, σjα(z), yj+1, . . . yk).
The element f˜k∗ ([σ̂
j
α]) ∈ π2(BSymp(M˜k, ωǫ)) is represented by the pullback of the model
fibration by σ̂jα. This defines f˜k∗ on a set of generators of H2(M
k)/torsion. To see that it
is injective, one calculates volumes as before, considering these as a function of the k blow
up parameters ǫ1, . . . , ǫk. This proves (ii).
The proof of (i) is a straightforward adaptation of that of Corollary 1.5, and is left to
the reader. 
The above result is weaker than it need be. Suppose for example that H2(M) has
rank r and that k = 2. Then the argument above detects a subgroup of rank 2r + 2
inside π2
(
BDiffM˜2
)
. However this group should contain a subgroup of rank 2r+4, where
the two extra generators γ1, γ2 come from doing one of the blow ups along a line in the
exceptional divisor formed by the other blow up. These blow ups can no longer be done
simultaneously. Rather, the corresponding fibration P˜ → S2 is a fiber sum P˜1#P˜2 where
each P˜i is the ǫi-blow up of M˜1 × S2 along a suitable section. Thus when forming P˜1 one
starts with a trivial fibration whose fiber has volume V − vǫ2 , while for P˜2 the fiber has
volume V −vǫ1 . More generally, if we blow up k times, then P˜ decomposes as P˜1# · · ·#P˜k,
where P˜i is the ǫi-blow up of a trivial bundle with fiber of volume V −
∑
j 6=i vǫj along a
20 DUSA MCDUFF
section si whose homology class lies in a group of rank r + k − 1 and has one parameter
ℓi describing its normal bundle. Therefore,
(5.1) vol(P˜λ,ℓ, Ω˜ǫ) =
∑
i
((
V −
∑
j 6=i
vǫj
)
µi − vǫi
(
µi + λi − ℓi
n+ 1
ǫi
))
where λi := Ia(si) is no longer constant but is a sum λ
′
i + λ
′′
i , where λ
′
i =
∑
j 6=imijǫj for
mij ∈ Z, and λ′′i ∈ R. If the bundle were trivial this polynomial would have the form
(V −∑j vǫj)(µ +∑ kjǫj). Since V 6= 0 and vol(P˜λ,ℓ, Ω˜ǫ) has no terms that are linear
in the ǫi it follows as before that all the coefficients ki,mij , λi, ℓi, must vanish and that
µ =
∑
µi. This proves the following result.
Proposition 5.2. Let (M,a) be a c-symplectic manifold and denote by M˜k its k-fold blow
up. Then the rank of π2
(
BDiffM˜k
)
is at least k(r + k), where r := rankπ2(M).
We now address the question of when these new elements in π2
(
BDiffM˜k
)
can be
constructed to be symplectic. Note that if (M,ω) is a blow up, the size of its exceptional
divisor does not constrain the maximal size of a single symplectically embedded ball; for
example if one blows up CP 2 just a little, one can blow it up again using a much larger
ball. However the next argument shows that it does constrain the size of suitable families
of embedded balls.
Proposition 5.3. Let (X,ω) be a symplectic manifold that is itself a blow up of size α,
that is α is the integral of ω over a line in the exceptional divisor ΣX . Suppose that
σ : S2 → X represents a class such that [σ] · [ΣX ] ∈ H0(X) is nonzero and construct
π : (P˜ , Ω˜ǫ)→ S2 by blowing up X × S2 along grσ. Then:
(i) ǫ < α.
(ii) If ρ˜t, 0 ≤ t ≤ 1, is any family of symplectic forms on P˜ that start at some blow up
form ρ˜0 := Ω˜ǫ then
∫
Eσ
ρ˜1 < α, where Eσ is the class of a line in the exceptional divisor
in the blow up X˜.
Proof. Let P := X × S2. We first claim
GWP,EX0,2 ([grσ ], EX × [S2]) = −[σ] · [ΣX ] 6= 0
where EX is the class of a line in the exceptional divisor ΣX . To prove this, choose an ω-
tame almost complex structure J on X that is integrable near ΣX , Choose an embedded
2-sphere ℓX in the class EX that meets ΣX once transversally, and perturb σ so that
grσ, ΣX × S2 and ℓX × S2 are in general position. Then, to each intersection point
x ∈ grσ ∩ (ΣX ×S2) there is precisely one (J × j)-holomorphic curve in X×S2 that meets
ℓX × [S2]. It is regular and, because ℓX ∩ΣX = −1, it contributes to the Gromov–Witten
invariant with sign opposite to that of the orientation of the intersection at x. This proves
the claim.
Now consider (P˜ , Ω˜ǫ). We claim that
GWP,EX0,2 ([grσ ], EX × [S2]) = GW
eP ,EX−Eσ
0,2 (Σ˜, EX × [S2]),
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where Σ˜ denotes the subbundle of P˜ formed by the exceptional divisors.12 This is proved
by direct construction. Denote by Ω a product symplectic form ω + π∗(β) on P , and
choose an Ω-tame almost complex structure JP on P so that grσ is JP -holomorphic and
so that JP is integrable near grσ . If ǫ is sufficiently small we can perform the blow up of
P along grσ in such a way that JP lifts to an Ω˜ǫ-tame almost complex structure J˜P on P˜ ,
i.e. so that the blow down map is (J˜P , JP )-holomorphic. It then follows that there is a
bijective correspondence between the curves counted by each of the above Gromov–Witten
invariants. (For details of a similar proof see [23, Ch 9.3].)
It follows that the integral of Ω˜ǫ over EX − Eσ must be positive. This proves (i). (ii)
follows because the Gromov–Witten invariants are unchanged by a deformation of the
symplectic structure. 
Now suppose that B1, B2 are two disjoint symplectically embedded balls in (M,ω).
Denote by Xi, i = 1, 2, the blow up of M by Bi, and by X12 the blow up by both balls.
Denote by Ei the class of a line in the exceptional divisor corresponding to Bi. For i = 1, 2
let Λi ∈ π2(BDiff(X12)) be the element formed by blowing up Xi × S2 along the graph
of Ei. We would like to be able to conclude from the above proposition that the element
Λ1 + Λ2, for example, is not homotopic to an element of π2
(
BSymp(X12, ω˜)
)
for any
blow up form ω˜ on X12 because we need ω˜(E1) < ω˜(E2) to represent Λ2 and the reverse
inequality to represent Λ1.
13 The problem is that Proposition 5.3 applies only to bundles
(P˜ , Ω˜) such that Ω˜ can be deformed into a blow up form, while the elements of π2(HamM˜k)
correspond to bundles (P˜ , Ω˜) where Ω˜ is an arbitrary extension of a blow up form on M˜k
that may not have such a deformation. In the next section we show that this does not
happen in dimension 4.
6. The 4-dimensional case.
This section discusses k-fold blow ups of a 4-dimensional manifold M . First a prelimi-
nary lemma. Though well known, we include a brief proof for completeness. (See [23] for
further details.)
Lemma 6.1. Let (M,ω) be a symplectic 4-manifold and E the class of a symplecti-
cally embedded sphere of self intersection −1. Then if Jz, z ∈ Z, is any generic com-
pact 2-parameter family of ω-tame almost complex structures, there is a finite subset
{z1, . . . , zk} ⊂ Z such that E is represented by a unique embedded Jz-holomorphic sphere
for all z ∈ Z \ {z1, . . . , zk}. Moreover, for z = zi the class E is represented by a nodal
Jz-holomorphic curve consisting of two embedded spheres, intersecting once transversally
and with self-intersections −2 and −1.
12 This GW invariant (which can be considered as a parametric GW invariant on the bundle eP ) need
not come from a characteristic class on BSymp0 since it is not clear that the submanifold
eΣ extends to
a codimension 2 homology class in fMSymp0 . For instance, eΣ is not the Poincare´ dual of the normalized
extension be.
13 By “blow up form” on a k-fold blow up fMk we mean a symplectic form on fMk that is constructed
from (M,ω) by cutting out k disjoint standard balls. Similarly, a symplectic form on the fM -bundle eP
is called a blow up form if it is obtained from a form on an M -bundle over S2 by cutting out a suitable
neighborhood of a section. This is equivalent to requiring that eP has a subbundle with the exceptional
divisor as fiber. One feature of such forms is that they can always be deformed through symplectic forms
so as to decrease the size of the balls.
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Proof. Because GWM,E0,0 = 1, E always has a J-holomorphic representative. We must
investigate the possible nodal curves representing E. These are finite unions C0 ∪ · · · ∪Ck
of spheres in classes A0, . . . , Ak. The index indDu of a sphere u : S
2 → M in class A in
a 4-manifold is 4 + 2c1(A), where Du denotes the linearized Cauchy–Riemann operator.
In a generic 2-parameter family the cokernel of Du has dimension at most 2. Hence if u
is simple so that there is a 6-parameter reparametrization group this index must be at
least 4, i.e. we must have c1(A) ≥ 0. If u is multiply covered then the reparametrization
group has dimension at least 10 which means that the index must be at least 8. In other
words c1(A) ≥ 2. Since
∑
i c1(Ai) = 1, it follows that all components are simple and
that all but one (say A0) have c1(Ai) = 0. Since the components are simple, they satisfy
the adjunction inequality: c1(Ai) = 2 + (Ai)
2 − 2di where di ≥ 0 is the defect.14 Hence
(Ai)
2 ≥ −2 for i > 0 and (A0)2 ≥ −1. Since the nodal curve is connected, there are at
least k pairs of components Ci, Cj that intersect. Hence, by positivity of intersections,
Ai · Aj ≥ 1 for i 6= j, and we find
−1 = (A0 + · · ·+Ak)2 =
∑
A2i +
∑
i 6=j
2Ai ·Aj ≥ −1− 2k + 2k.
Hence all inequalities are equalities. Thus the components are embedded and Ai · Aj is
0 or 1. This means that the classes Ai are all distinct. But at most one class Ai with
c1(Ai) = 0 is represented for any Jz . Thus E has at most two components, and these
intersect transversally because A0 · A1 = 1.
Since the energy ω(Ai) is bounded above by ω(E) and Jz varies in a compact set, the
usual compactness argument implies that there are only finitely many possibilities for the
classes Ai. Moreover, because the family Jz is generic, each point z at which a class Ai
with c1(Ai) = 0 is represented is isolated. The result follows. 
Remark 6.2. A similar argument shows that in a generic 3-parameter family of Jz no
new nodal curves appear, though now of course degenerations appear for a 1-parameter
family of z.
The first (well known) corollary shows that in 4 dimensions any form on a k-fold blow
up that can be deformed into a blow up form must itself be a blow up form.
Corollary 6.3. Consider a family ω˜t, t ∈ I, of symplectic forms on a 4-dimensional
manifold M˜k such that ω˜0 is a blow up form. Then ω˜1 is a blow up form.
Proof. By assumption there are k disjoint ω˜0-symplectically embedded −1 spheres. Denote
their classes by E1, . . . , Ek, and choose an ω˜0-tame almost complex structure for which
they are holomorphic. Extend J0 to a generic family Jt, t ∈ I, of almost complex structures
such that Jt is ω˜t-tame. By the lemma each class Ei has a unique embedded Jt holomorphic
representative. Hence result. 
We now show that many of the new elements constructed in Proposition 5.2 do not lie in
π2(BSymp(M˜k, ω˜)) for any blow up form. For simplicity, we restrict to simply connected
M (so that every M -bundle over S2 has a symplectic form) and will first formulate our
argument in a special case. We shall denote by E := E(M,ω) ⊂ H2(M ;Z) the set of
classes that are represented by symplectically embedded spheres of self-intersection −1
14 If Ci is immersed, di is the number of double points; di = 0 iff Ci is embedded.
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(or symplectic −1 spheres, for short). Recall from [20] that the following conditions on a
symplectic 4-manifold are equivalent:
• (M,ω) is not a blow up of CP 2 or of a ruled surface (manifold with a fibering by
symplectically embedded 2-spheres);
• E ·E′ = 0 for any two distinct elements E,E′ ∈ E .
If these conditions hold we shall say that (M,ω) has Kodaira dimension κ(M) ≥ 0.
Such manifolds have a unique minimal reduction; equivalently, if C1, . . . , Cℓ is a maximal
set of disjoint symplectic −1 spheres then {[Ci] : 1 ≤ i ≤ ℓ} = E . Finally, (M,ω) is said
to be minimal if E(M) = ∅.
Proposition 6.4. Let (M,ω) be a minimal symplectic 4-manifold with κ(M) ≥ 0 and let
(M˜k, ω˜) → P˜ → S2 be a symplectic bundle with fiber the k-fold blow up of (M,ω) with
weights ǫ1 ≥ · · · ≥ ǫk. Then P˜ is the k-fold blow up of a symplectic bundle (M,ω) →
P → S2 along sections si, 1 ≤ i ≤ k, whose homotopy class varies in a group spanned by
π2(M ;Z) and the classes Ej , j < i, of the exceptional divisors with ǫj > ǫi.
Proof. Denote by E1, . . . , Ek ∈ H2(M˜k) the classes of the exceptional divisors; set ǫi :=
ω˜(Ei). By the minimality of (M,ω), the only classes in E(M˜k) are the Ei. Let Jz , z ∈ S2,
be a generic family of ω˜z-tame almost complex structures on the fibers of P˜ → S2, where
ω˜z is the symplectic form in the fiber Mz := π
−1(z) of P → S2. Then we claim that
the smallest class Ek has an embedded Jz-holomorphic representative for every z ∈ S2.
Otherwise, by an obvious generalization of Lemma 6.1, we may write Ek = A0+A1 where
A0 ∈ E(M˜k) = {E1, . . . , Ek}. Since ω˜(A1) < ω˜(Ek) = ǫk ≤ ǫi for all i, this is impossible.
Let Σ˜ be the submanifold of P˜ formed by the union of these E1-curves. Then Σ˜ is
an S2 bundle over S2 with fibers that are ω˜z-symplectically embedded. Choose a closed
extension Ω˜ of the ω˜z defined in some neighborhood U of Σ˜ and such that Σ˜ is a symplectic
submanifold of U .15 By [20] the restriction of Ω˜ to Σ˜ is standard, and so, by the symplectic
neighborhood theorem, Σ˜ may be blown down. Hence P˜ is formed by blowing up some
bundle Q˜→ S2 with fiber M˜k−1 along some section sk. Repeating this argument, we find
that P˜ is a k-fold blow up along sections si whose homotopy class depends on π2(M) and
the Ej , j < i.
It remains to prove the last statement. If ǫi > ǫi+1 for all i there is nothing to prove.
Otherwise the result follows from Lemma 6.5 below. 
We need to adapt Proposition 5.3 to the case when the initial bundle M → P → S2 is
nontrivial.
Lemma 6.5. Let (X1, ω1)→ P˜1 → S2 be the ǫ1-blow up of a symplectic bundle (X0, ω0)→
P → S2 along a section s1. Denote the exceptional class in X1 by E1 and the bundle of
exceptional divisors in P˜1 by Σ˜1. Let s2 : S
2 → P˜1 be a section such that [s2] · [Σ˜1] 6= 0,
and construct π : (P˜2, Ω˜ǫ)→ S2 as the ǫ2-blow up of P˜1 along s2. Then ǫ1 > ǫ2.
Proof. The proof is essentially the same as that of Proposition 5.3. We first show that
GW
eP1,E1
0,2 ([s2], [Σ˜1]) = −[s2] · [Σ˜1] 6= 0,
15 Note that we do not assume that H1(M ;R) = 0 or that eP supports a closed extension of the eωz, i.e.
the bundle eP → S2 need not be Hamiltonian. The present arguments are geometric and do not use the
coupling form.
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and then prove that
GW
eP1,E1
0,2 ([s2], [Σ˜1]) = GW
eP2,E1−E2
0,2 ([Σ˜2], [Σ˜1]),
where Σ˜2 is the bundle of exceptional divisors in P˜2. Further details are left to the
reader. 
It follows from Remark 6.2 that each blow down above is unique, i.e. it is independent
of the choice of the family Jz. Moreover, it depends on the section only up to homotopy.
Hence we find:
Corollary 6.6. With (M˜k, ω˜ǫ) as above, suppose that ǫ1 > · · · > ǫk > 0. Then the rank
π2
(
BSymp(M˜k, ω˜ǫ)
)
exceeds that of π2
(
BSymp(M,ω)
)
by at most rk+ k(k− 1)/2, where
r = rkπ2(M).
We cannot give a more precise answer here because there is a realization problem:
it is not obvious that the condition in Lemma 6.5 is the only obstruction to being able to
blow up a section with weight ǫ, even if we assume that κ(M) ≥ 0 and that M itself has
such a blow up. Therefore some work is still needed before we can fully understand the
relation between π2
(
BSymp(M˜k, ω˜ǫ)
)
and π2
(
BSymp(M,ω)
)
.16 Nevertheless, comparing
with Proposition 5.2 it is clear that when k ≥ 2 there are many elements in π2
(
BDiff(M˜k)
)
that are constructed using standard Hermitian structures but yet cannot be realized sym-
plectically. Here is a sample result.
Corollary 6.7. Let B1, B2 be two disjoint embedded balls in a symplectic 4-manifold
(M,ω) with κ(M) ≥ 0. Denote by Xi, i = 1, 2, the blow up of M by Bi, and by X12 the
blow up by both balls. Denote by Ei the class of the exceptional divisor corresponding to Bi.
For i = 1, 2 let Λi ∈ π2(BDiff(X12)) be the element formed by blowing up M˜i × S2 along
the graph of Ei with the standard Hermitian structure. Then Λ1 +Λ2 is not homotopic to
an element of π2
(
BSymp(X12, ω˜)
)
for any blow up form on X12.
Proof. For i = 1, 2 let X12 → P˜i → S2 be the bundle corresponding to Λi. Then the bundle
corresponding to Λ1+Λ2 is the fiber
17 sum Q˜ : P˜1#P˜2 → S2#S2 = S2; see [13]. But Q˜→
S2 is not a symplectic bundle since it does not satisfy the conclusion of Proposition 6.4. 
Finally we investigate the analog of Proposition 6.4 for blow ups of CP 2. (We leave the
case of ruled surfaces to the reader.)
We need a preliminary lemma. Denote by Xk the k-fold blow up of CP
2, and fix a basis
L,E1, . . . , Ek of H2(Xk;Z) where L is the class of a line and E1, . . . Ek are represented
by the obvious −1 spheres. Let ωµ be the standard (Fubini–Study) symplectic form on
X := CP 2 normalized so that ωµ(L) = µ. Define ǫ := (ǫ1, . . . , ǫk) where ǫ1 ≥ ǫ2 ≥ · · · ,
and let ωλǫ be the symplectic form on Xk obtained by cutting out k disjoint balls from
(X,ωλ) of sizes ǫ1, . . . , ǫk (assuming that this exists). By [21] all such forms are isotopic.
We say that ωλǫ is reduced if ǫ1 + ǫ2 + ǫ3 ≤ µ.
Lemma 6.8. Every symplectic form ω on Xk is diffeomorphic to some reduced form ω
λ
δ .
16 It is likely that by using appropriate local models one can show that given (M,ω) and k one can find
ǫ0 so that Lemma 6.5 does give the only obstructions when all ǫi ≤ ǫ0.
17This is the Gompf (or connect) sum of eP1, eP2 along a fiber.
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Proof. By [11] ω is diffeomorphic to some form ω := ωλǫ with ǫ1 ≥ ǫ2 · · · and so we just
need to make sure we can arrange that ǫ1+ǫ2+ǫ3 ≤ λ. If [ω] is rational then this is proved
by B.-H.Li [17].
His argument is as follows. It suffices to suppose that [ω] is integral. Suppose that
[ω] is not reduced and consider the form ωλ
′
ǫ′ obtained from ω by doing the Cremona
transformation in the first three Ei. This is a diffeomorphism φC that acts on homology
by:
L 7→ L′ := 2L− E1 − E2 − E3,
Ei 7→ E′i := L− E1 − E2 − E3 + Ei, i = 1, 2, 3
Ei 7→ E′i := Ei, i > 3.
Then λ′ := ω(L′) < λ, and the sequence ǫ′ is obtained by rearranging the numbers ω(E′i).
If ω′ := ωλ
′
ǫ′ is not reduced, then one repeats this process to obtain a new form with
λ′′ < λ′. Since these coefficients λ′, λ′′, . . . are positive integers, this process must stop
after a finite number of steps.
When [ω] is not integral, we can argue as follows. Fix a generic complex structure J
on Xk, i.e. (Xk, J) is the blow up of the complex manifold CP
2 at k generic points. It
suffices to prove that the numbers λ′, λ′′, . . . lie in the finite set
S := [0, λ] ∩ {ω(A) : A has a J-holomorphic representative}.
Since there is a complex line in CP 2 through 3 generic points, L′ has a J-holomorphic
representative. Hence λ′ ∈ S. But we can choose φC to be J-holomorphic. Then λ′′ :=
ω′(L′′) = (φ−1C )
∗ω(L′′) = ω((φ−1C )∗L
′′) lies in S because the class L′′ = L′ − E′1 − E′2 −E′3
and hence also (φ−1C )∗L
′′ have J-holomorphic representatives. Similar arguments apply to
the subsequent numbers λ′′′, . . . . 
Proposition 6.9. Proposition 6.4 and Corollary 6.7 hold when M = CP 2.
Proof. By the previous lemma we may suppose that the form ωµǫ on M˜k is reduced. Hence,
because ǫi ≥ ǫi+1 for all i,
(6.1)
∑
i∈I
ǫi ≤ 3µd,
for every I ⊂ {1, . . . , k} with 3d elements.
Let E be the set of classes inH2(Xk) that can be represented by symplectically embedded
−1 spheres. Then E contains the Ei, plus many other classes such as L − E1 − E2.
However, because every class in E has an embedded representative for generic J , positivity
of intersections implies that every class in E except the Ei has the form dL −
∑
miEi,
where mi ≥ 0 and hence d > 0. To make the previous argument work we just need to
show that in a generic 2-dimensional family Jz the class Ek with minimal energy never
decomposes into a nodal Jz-curve of type (E,Ek − E), where E ∈ E .
Suppose Ek does decompose for Jz. By minimality, E 6= Ej and so we can write
E = dL−∑miEi. Now observe that Ek ·E = 0 because E · (Ek−E) = 1. Hence mk = 0.
Let F := Ek−E be the −2-curve. Choose i so that mi > 0. Then Ei ·E = −mi < 0 which
means that Ei also decomposes for Jz. Since by genericity there is at most one −2 class
with a Jz-holomorphic representative, Ei must decompose as (E
′, F ) where E′ ∈ E and F
is as above. As before Ei · E′ = 0 and so Ei · F = mi = 1. Repeating this argument, we
see that F =
∑
miEi − dL, where mi is 0 or 1. Since c1(F ) = 0, there must be precisely
3d nonzero mi. But then ω˜(F ) ≤ 0 by (6.1), which is impossible. 
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Remark 6.10. For example, if X2 is the 2-fold blow up of CP
2, the above results show
that π1(SympX2) has rank at most 2 when the blowups are of equal size and rank at most
3 otherwise. In this case, the work of Lalonde and Pinsonnault [14, 24] shows that these
are the precise ranks.
The above results give examples of elements in π2(BDiff) that are not themselves in
π2(BSymp) but are sums of such elements. We now return to the question considered in
Proposition 1.7; are there elements of π2(BDiff) that are not in the subgroup generated
by the different π2(BSymp)? The next result illustrates what our current methods can
say about this.
Proposition 6.11. Let M be a simply connected minimal symplectic 4-manifold with
κ(M) ≥ 0 and a unique Seiberg–Witten basic class K. Let M˜k be its k-fold blow up for
some k > 0. Then π2(BDiffM˜k) is not generated by the images of π2
(
BSymp(M˜k, ω˜)
)
as
ω˜ ranges over all symplectic forms on M˜k.
Proof. T.-J. Li proved in [19, Cor. 3] that when κ(M) ≥ 0 every symplectic form on M˜k
is a blow up form with exceptional divisors in the same classes E1, . . . , Ek. In particular
its minimal reduction M is unique up to diffeomorphism. By work of Taubes [28], the
assumption that there is a unique basic class implies that every symplectic structure on
M has the same homotopy class of almost complex structures. Hence every symplectic
bundle (M,ω) → P → S2 has a well defined complex vertical tangent bundle whose first
Chern class, denoted cV1 , is independent of ω.
Step 1: Volume calculations. By Proposition 6.4, every symplectic bundle (M˜k, ω˜) →
(P˜ , Ω˜)
π→ S2 is the k-fold blow up of a possibly nontrivial bundle (M,ω) → P π→ S2
along certain sections si with weights ǫi, where ǫ1 ≥ ǫ2 ≥ . . . . Thus there are bundles
M˜i−1 → P˜i → S2 for i = 1, . . . , k with P˜k = P˜ . Choose a reference section s0 for P → S2.
Since we may assume this is disjoint from the si there is a unique corresponding reference
section, also called s0, in each bundle P˜i → S2, and in particular for P˜ := P˜k.
To calculate the volume of P , choose a basis Bα, 1 ≤ α ≤ r, for H2(M ;Q) and dual
basis bα, 1 ≤ α ≤ r, for H2(M). For each a ∈ CM , write a =
∑
λαbα. Let â ∈ H2(P ) be
its canonical extension and set âµ := â+µπ
∗(β) where β ∈ H2(S2) has total area 1. Then
Vol(P, âµ) = µVol(M,a) =: µVa, where Va := Vol(M,a) is a polynomial function of the
λα.
To calculate the volume of P˜ , let âµ,i,ǫ be the class on P˜i obtained from âµ by blowing
up along the sections sj with weights ǫj for all j ≤ i. (Note that âµ,i,ǫ is not a coupling
class.) Similarly, denote by ai,ǫ its restriction to the fiber, i.e. the class on M˜i obtained
by doing the first i blow ups. Then, by (3.2),
vol(P˜ , âµ,k,ǫ) = µVa −
∑
i
vǫi
(∫
si
âµ,i−1,ǫ − ℓi
n+ 1
ǫi
)
, where ℓi := c
V
1 (si).
If we write si = s0 +Bi where Bi =
∑
niαBα +
∑
j<imijEj, then∫
si
âµ,i−1,ǫ = µ+ Ia(s0) +
∑
α
niαλα +
∑
j<i
mijǫj,
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where Ia is as in equation (1.5). Thus Ia(s0) is a homogenous rational function of the λα
of degree 1. Thus,
(6.2) vol(P˜ , âµ,k,ǫ) = µ
(
Va −
∑
i
vǫi
)−∑
i
(
Ia(s0) +
∑
α
niαλα +
∑
j<i
mijǫj − ℓi
n+ 1
ǫi
)
vǫi .
Further, since this is a symplectic blow up,
(6.3) ℓi := c
V
1 (si) = Ic(s0) +
∑
α
niαc1(Bα) +
∑
j<i
mij.
Note that equation (6.2) holds for all classes a ∈ C, not just those represented by a
symplectic form.
Step 2: The bundle M˜k → Q˜ → S2. This bundle is obtained from the trivial bundle
(Q :=M × S2,Ω) by k − 1 trivial blowups with weight ǫi and trivial Hermitian structure
and with the last blow up along sk := grσ where σ : S
1 → M˜k−1 represents E1 and has a
nonstandard Hermitian structure (i.e. mk1 = 1 and ℓk 6= 1.) Choose s0 to be the trivial
section. Then, Ia(s0) = 0 = Ic(s0) and, by (6.2),
(6.4) vol(Q˜, âµ,k,ǫ) =
(
Va −
∑
i
vǫi
)
µ− vǫk
(
ǫ1 − ℓk
n+ 1
ǫk
)
,
for every a ∈ C.
Step 3: Sums of bundles. Since the sum in π2(BDiff) corresponds to the fiber sum of
bundles, it suffices to show that Q˜ is not a finite fiber sum of symplectic bundles. Suppose
to the contrary that Q˜ = Q˜γ1# . . .#Q˜γm where for each γ := γi the bundle Q˜
γ → S2
is the k-fold blow up of an ωγ-symplectic M -bundle Qγ → S2. By the uniqueness of
the blowdown, the sum Qγ1# . . .#Qγm is trivial. The section s0 splits into the sum
sγ10 # . . .#s
γm
0 of sections of the Q
γ . Note that this splitting is not unique. However, for
all a ∈ CM , ∑
γ
Ia(s
γ
0) = Ia(s0) = 0,
∑
γ
Ic(s
γ
0) = Ic(s0) = 0.
As in Step 1, there are unique corresponding sections sγ0 of the intermediate bundles Q˜
γ
i .
Let sγi , 1 ≤ i ≤ k, be the section along which one does the ith blow up of Qγ . Write
sγi = s
γ
0 +
∑
nγiαBα +
∑
mγijEj .
Step 4: Completion of the proof. For each γ there is a well defined class âµγ ∈ H2(Qγ)
that blows up to âµγ ,k,ǫ ∈ H2(Q˜γ). Then, if µ :=
∑
γ µ
γ ,
(6.5) Vol(Q˜, âµ,k,ǫ) =
∑
γ
Vol(Q˜γ , âµγ ,k,ǫγ).
By (6.2) the part of the coefficient of vǫi in
∑
γ Vol(Q˜
γ , âµγ ,k,ǫ) that depends on the λα is∑
γ
Ia(s
γ
0) +
∑
γ,α
nγiαλα =
∑
γ,α
nγiαλα.
Comparing with (6.5) and (6.4), we find that
∑
γ n
γ
iα = 0 for all i, α. Similarly, looking
at the coefficient of νǫiǫj for i 6= j we find that
∑
γ m
γ
ij = 1 if (i, j) = (k, 1) and = 0
otherwise. Because
∑
γ Ic(s
γ
0) = 0, it now follows from equation (6.3) that
∑
γ ℓ
γ
i = 1
28 DUSA MCDUFF
when i = k and = 0 otherwise. Therefore by (6.5) the coefficient of vǫkǫk in Vol(Q˜, âµ,k,ǫ)
is 1/(n + 1). Since ℓk 6= 1 this contradicts equation (6.4). 
Corollary 6.12. Suppose that π1(M) 6= 0 but that otherwise M satisfies all the conditions
in Proposition 6.11. Suppose further that ∪a : H1(M ;R)→ H3(M ;R) is an isomorphism
for all a ∈ C. Then the conclusion of Proposition 6.11 holds for the k-fold blow up M˜k.
Proof. The condition π1(M) = 0 is used once in Step 4 when we apply Lemma 1.3 to
assert that every class a ∈ CM extends to the total space of the symplectic M -bundles
Qγ → S2, a necessary step before we calculate volumes. We now show that each of these
bundles admits a section and that therefore these extensions do exist. The rest of the
proof then goes through as before.
The fact that Qγ → S2 has a section is immediate from its construction as a blow
down. It remains to prove that the classes a ∈ CM extend. The obstruction to extending
the symplectic class [ω] to the total space of a symplectic bundle (M,ω) → Q → S2
is Flux[ω]([φ]), where the loop φt, t ∈ S1, in Symp(M,ω) is the clutching function of
the bundle Q = Qφ → S2. Therefore the extension exists iff Flux[ω]([φ]) = 0. By our
assumption on M , this is equivalent to requiring that the volume flux
[ω] ∧ Flux[ω]([φ]) =: Flux[ω]2/2([φ]) ∈ H3(M ;R)
vanishes. The latter class is well known to be Poincare´ dual to the image ev([φ]) of [φ]
under the homology evaluation map ev∗ : π1(Diff(M)) → H1(M). But Qφ → S2 has a
section iff the loop t 7→ ev(φt) := φt(x0) is contractible in M . Therefore, if there is a
section ev∗([φ]) = 0. This shows that the symplectic class [ω
γ ] extends to each Qγ . Then
every class a ∈ CM has such an extension by [13]. 
Example 6.13. Taubes showed that every symplectic form on the 4-torus T4 gives rise
to an almost complex structure with c1 = 0. Using this, or the fact that T
4 has a unique
Seiberg–Witten basic class (namely K = 0), we can conclude that, when M = T4 and
k > 0, π2(BDiffM˜k) is not generated by the images of π2
(
BSymp(M˜k, ω˜)
)
as ω˜ ranges
over all symplectic forms on M˜k.
Remark 6.14. We have concentrated in this section on results on π2(BDiff) since, by
Lemma 6.1, Proposition 6.4 is valid for quite general choices of [ω] and ǫ when the base is
2-dimensional. However, if [ω] is integral, there are special values for ǫ for which the blow
up classes Ei never degenerate. For example, one can either take the ǫi all equal to 1/N ,
or, given positive integers Ni one could take ǫ1 = 1/N1, ǫ2 = ǫ1/N2, . . . , ǫk = ǫk−1/Nk. For
such ǫ every symplectic bundle (M˜k, ω˜k)→ P˜ → B is a k-fold blow up. This can be proved
either by adapting the proof of Proposition 6.4 or by noting that the corresponding spaces
of (unparametrized) exceptional divisors Ei/U are all contractible. (Here Ei is the space
of symplectically embedded Ei-spheres in M˜i−1; cf. the discussion at the beginning of §2.)
In these cases our methods would give results about the higher homotopy and homology
of BSymp M˜k and BDiffM˜k.
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